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MAHLER’S CLASSIFICATION AND A CERTAIN CLASS OF p-ADIC
NUMBERS
TOMOHIRO OOTO
Abstract. In this paper, we study a relation between digits of p-adic numbers and
Mahler’s classification. We show that an irrational p-adic number whose digits are au-
tomatic, primitive morphic, or Sturmian is an S-, T -, or U1-number in the sense of
Mahler’s classification. Furthermore, we give an algebraic independence criterion for
p-adic numbers whose digits are Sturmian.
1. Introduction
Let p be a prime. We denote by | · |p the absolute value of the p-adic number field Qp
normalized to satisfy |p|p = 1/p. We denote by ⌊x⌋ the integer part and ⌈x⌉ the upper
integer part of a real number x. We set P := {0, 1, . . . , p− 1}.
Let A be a finite set. Let A∗,A+, and AN denote the set of finite words over A, the set
of nonempty finite words over A, and the set of infinite words over A, respectively. We
denote by |W | the length of a finite word W over A. For any integer n ≥ 0, write W n =
WW . . .W (n times repeated concatenation of the word W ) and W = WW . . .W . . .
(infinitely many times repeated concatenation of the word W ). Note that W 0 is equal to
the empty word. More generally, for any real number w ≥ 0, write Ww = W ⌊w⌋W ′, where
W ′ is the prefix of W of length ⌈(w − ⌊w⌋)|W |⌉. Let a = (an)n≥0 be a sequence over the
set A. We identify a with the infinite word a0a1 . . . an . . .. An infinite word a over A is
said to be ultimately periodic if there exist finite words U ∈ A∗ and V ∈ A+ such that
a = UV .
We recall the definition of automatic sequences, primitive morphic sequences, and Stur-
mian sequences. Let k ≥ 2 be an integer. A k-automaton is a sextuplet
A = (Q,Σk, δ, q0,∆, τ),
where Q is a finite set, Σk = {0, 1, . . . , k − 1}, δ : Q× Σk → Q is a map, q0 ∈ Q, ∆ is a
finite set, and τ : Q → ∆ is a map. For an integer n ≥ 0, we set Wn := wmwm−1 . . . w0,
where
∑m
i=0wik
i is the k-ary expansion of n. For q ∈ Q, we define recursively δ(q,Wn) by
δ(q,Wn) = δ(δ(q, wmwm−1 . . . w1), w0). A sequence a = (an)n≥0 is said to be k-automatic
if there exists a k-automaton A = (Q,Σk, δ, q0,∆, τ) such that an = τ(δ(q0,Wn)) for all
n ≥ 0. A sequence a = (an)n≥0 is said to be automatic if there exists an integer k ≥ 2
such that a is k-automatic.
Let A and B be finite sets. A map σ : A∗ → B∗ is said to be a morphism if σ(UV ) =
σ(U)σ(V ) for all U, V ∈ A∗. We define the width of σ by maxa∈A |σ(a)|. We say that σ is
k-uniform if there exists an integer k ≥ 1 such that |σ(a)| = k for all a ∈ A. In particular,
we call a 1-uniform morphism a coding. A morphism σ : A∗ → A∗ is said to be primitive
if there exists an integer n ≥ 1 such that a occurs in σn(b) for all a, b ∈ A. A morphism
σ : A∗ → A∗ is said to be prolongable on a ∈ A if σ(a) = aW where W ∈ A+, and σn(W )
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is not empty word for all n ≥ 1. We say that a sequence a = (an)n≥0 is primitive morphic
if there exist finite sets A,B, a primitive morphism σ : A∗ → A∗ which is prolongable on
some a ∈ A, and a cording τ : A∗ → B∗ such that a = limn→∞ τ(σn(a)).
Let 0 < θ < 1 be an irrational real number and ρ be a real number. For an integer
n ≥ 1, we put sn,θ,ρ := ⌊(n+ 1)θ + ρ⌋ − ⌊nθ + ρ⌋ and s′n,θ,ρ := ⌈(n+ 1)θ + ρ⌉ − ⌈nθ + ρ⌉.
Note that sn,θ,ρ, s
′
n,θ,ρ ∈ {0, 1}. We also put sθ,ρ := (sn,θ,ρ)n≥1 and s′θ,ρ := (s′n,θ,ρ)n≥1. A
sequence a = (an)n≥1 is called Sturmian if there exist an irrational real number 0 < θ < 1,
a real number ρ, a finite set A, and a coding τ : {0, 1}∗ → A∗ with τ(0) 6= τ(1) such
that (an)n≥1 = (τ(sn,θ,ρ))n≥1 or (τ(s
′
n,θ,ρ))n≥1. Then we call θ (resp. ρ) the slope (resp.
the intercept) of a.
Applying so-called Subspace Theorem, Adamczewski and Bugeaud [3] established a
new transcendence criterion for p-adic numbers.
Theorem 1.1. Let a = (an)n≥0 be a non-ultimately periodic sequence over P . Set ξ :=∑∞
n=0 anp
n ∈ Qp. If the sequence a is automatic, primitive morphic, or Sturmian, then
the p-adic number ξ is transcendental.
In this paper, we study p-adic numbers which satisfy the assumption of Theorem 1.1
in more detail. For ξ ∈ Qp and an integer n ≥ 1, we define wn(ξ) (resp. w∗n(ξ)) to be the
supremum of the real number w (resp. w∗) which satisfy
0 < |P (ξ)|p ≤ H(P )−w−1 (resp. 0 < |ξ − α|p ≤ H(α)−w∗−1)
for infinitely many integer polynomials P (X) of degree at most n (resp. algebraic numbers
α ∈ Qp of degree at most n). Here, H(P ), which is called the height of P (X), is defined
by the maximum of the usual absolute values of the coefficients of P (X) and H(α), which
is called the height of α, is defined by the height of the minimal polynomial of α over Z.
We set
w(ξ) := lim sup
n→∞
wn(ξ)
n
, w∗(ξ) := lim sup
n→∞
w∗n(ξ)
n
.
A p-adic number ξ is said to be an
A-number if w(ξ) = 0;
S-number if 0 < w(ξ) < +∞;
T -number if w(ξ) = +∞ and wn(ξ) < +∞ for all n;
U-number if w(ξ) = +∞ and wn(ξ) = +∞ for some n.
Mahler [17] first introduced the classification. A p-adic number is algebraic if and only
if it is an A-number. Almost all p-adic numbers are S-numbers in the sense of Haar
measure. It is known that there exist uncountably many T -numbers. Liouville numbers
are U -numbers, for example
∑∞
n=1 p
n!. Replacing wn and w with w
∗
n and w
∗, we define
A∗-, S∗-, T ∗-, and U∗-number as above. It is known that the two classification of p-adic
numbers coincide. Let n ≥ 1 be an integer. For a U -number (resp. a U∗-number) ξ ∈ Qp,
we say that ξ is a Un-number (resp. a U
∗
n-number) if wn(ξ) is infinite and wm(ξ) are finite
(resp. w∗n(ξ) is infinite and w
∗
m(ξ) are finite) for all 1 ≤ m < n. The detail is found in [9,
Section 9.3].
We now state the main results.
Theorem 1.2. Let a = (an)n≥0 be a non-ultimately periodic sequence over P . Set ξ :=∑∞
n=0 anp
n ∈ Qp. If the sequence a is automatic, primitive morphic, or Sturmian with its
slope whose continued fraction expansion has bounded partial quotients, then the p-adic
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number ξ is an S- or T -number. Furthermore, if the sequence a is Strumian with its
slope whose continued fraction expansion has unbounded partial quotients, then the p-adic
number ξ is a U1-number.
Theorem 1.2 is an extension of Theorem 1.1 and an analogue of The´ore`mes 3.1, 4.2,
and 5.1 in [5].
Theorem 1.3. Let θ > 1 be a real number whose continued fraction expansion has bounded
partial quotients, θ′ > 1 be a real number whose continued fraction expansion has un-
bounded partial quotients, and ρ, ρ′ be real numbers. Then the p-adic numbers
∞∑
n=1
p⌊nθ+ρ⌋,
∞∑
n=1
p⌊nθ
′+ρ′⌋
are algebraically independent.
Theorem 1.3 is an analogue of Corollaire 3.2 in [5].
This paper is organized as follows. In Section 2, we state Theorems 2.9 and 2.10, and
prove the main results assuming Theorems 2.9 and 2.10. We prepare some lemmas to
prove Theorems 2.9 and 2.10 in Section 3. In Section 4, we prove Theorems 2.9 and 2.10.
2. Extension of the main results
Let a = (an)n≥0 be a sequence over a finite set A. The k-kernel of a = (an)n≥0 is the
set of all sequences (akim+j)m≥0, where i ≥ 0 and 0 ≤ j < ki.
Eilenberg [14] characterized k-automatic sequences.
Lemma 2.1. Let k ≥ 2 be an integer. Then a sequence is k-automatic if and only if its
k-kernel is finite.
We say that the sequence a = (an)n≥0 is k-uniform morphic if there exist finite sets
A,B, a k-uniform morphism σ : A∗ → A∗ which is prolongable on some a ∈ A, and a
coding τ : A∗ → B∗ such that a = limn→∞ τ(σn(a)). Then we call A the initial alphabet
associated with a.
Cobham [12] showed another characterization of k-automatic sequences using k-uniform
morphic sequences.
Lemma 2.2. Let k ≥ 2 be an integer. Then a sequence is k-automatic if and only if it is
k-uniform morphic.
The complexity function of the sequence a is given by
p(a, n) := Card{aiai+1 . . . ai+n−1 | i ≥ 0}, for n ≥ 1.
Let ρ be a real number. We say that a satisfies Condition (∗)ρ if there exist sequences
of finite words (Un)n≥1, (Vn)n≥1 and a sequence of nonnegative real numbers (wn)n≥1 such
that
(i): the word UnV
wn
n is the prefix of a for all n ≥ 1,
(ii): |UnV wnn |/|UnVn| ≥ ρ for all n ≥ 1,
(iii): the sequence (|V wnn |)n≥1 is strictly increasing.
The Diophantine exponent of a, first introduced in [2], is defined to be the supremum of a
real number ρ such that a satisfy Condition (∗)ρ. We denote by Dio(a) the Diophantine
exponent of a. It is immediate that
1 ≤ Dio(a) ≤ +∞.
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We recall known results about Diophantine exponents and complexity function for
automatic sequences, primitive morphic sequences, and Strumian sequences.
Adamczewski and Cassaigne [1] estimated the Diophantine exponent of k-automatic
sequences.
Lemma 2.3. Let k ≥ 2 be an integer. Let a be a non-ultimately periodic and k-automatic
sequence. Let m be a cardinality of the k-kernel of a. Then we have
Dio(a) < km.
Mosse´’s result [19] implies the following lemma.
Lemma 2.4. Let a be a non-ultimately periodic and primitive morphic sequence. Then
the Diophantine exponent of a is finite.
Adamczewski and Bugeaud [5] established a relation between Strumian sequences and
Diophantine exponents.
Lemma 2.5. Let a be a Strumian sequence with slope θ. Then the continued fraction
expansion of θ has bounded partial quotients if and only if the Diophantine exponent of a
is finite.
It is known that automatic sequences, primitive morphic sequences, and Sturmian se-
quences have low complexity.
Lemma 2.6. Let k ≥ 2 be an integer and a be a k-automatic sequence. Let d be a
cardinality of the internal alphabet associated with a. Then we have for all n ≥ 1
p(a, n) ≤ kd2n.
Proof. See [7, Theorem 10.3.1] or [12]. 
Lemma 2.7. Let a be a primitive morphic sequence over a finite set of cardinality of
b ≥ 2. Let v be the width of a primitive morphism σ which generates the sequence a.
Then we have for all n ≥ 1
p(a, n) ≤ 2v4b−2b3n.
Proof. See [7, Theorem 10.4.12]. 
Lemma 2.8. Let a be a Sturmian sequence. Then we have for all n ≥ 1
p(a, n) = n + 1.
Proof. See [7, Theorem 10.5.8]. 
Theorem 2.9. Let a = (an)n≥0 be a non-ultimately periodic sequence over P . Set ξ :=∑∞
n=0 anp
n ∈ Qp. Assume that there exist integers n0 ≥ 1 and κ ≥ 2 such that for all
n ≥ n0,
p(a, n) ≤ κn.
Then the p-adic number ξ is an S-, T -, or U1-number.
Theorem 2.9 is an analogue of The´ore`me 1.1 in [5]. There is a real continued fraction
analogue of Theorem 2.9 in [10, Theorem 3.2].
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Theorem 2.10. Let a = (an)n≥0 be a non-ultimately periodic sequence over P . Set
ξ :=
∑∞
n=0 anp
n ∈ Qp. Assume that there exist integers n0 ≥ 1 and κ ≥ 2 such that for
all n ≥ n0,
p(a, n) ≤ κn.
Then the Diophantine exponent of a is finite if and only if ξ is not a U1-number. Fur-
thermore, if the Diophantine exponent of a is finite, then we have
w1(ξ) ≤ 8(κ+ 1)2(2κ+ 1)Dio(a)− 1.(1)
There are various versions of Theorem 2.10: b-ary expansion for real numbers [5],
continued fraction expansion for real numbers [10], formal power series over a finite field,
and its continued fraction expansion [20].
Proof of Theorem 1.2 assuming Theorems 2.9 and 2.10. Since the sequence a is automatic,
primitive morphic, or Strumian, ξ is an S-, T -, or U1-number by Lemmas 2.6, 2.7, 2.8
and Theorem 2.9. It follows from Lemmas 2.3, 2.4, 2.5 and Theorem 2.10 that ξ is a U1-
number if a is Strumian with its slope whose continued fraction expansion has unbounded
partial quotients, and ξ is an S- or T -number otherwise. 
Let θ and ρ be real numbers. For an integer n ≥ 1, we put
tn :=
{
1 if n = ⌊kθ + ρ⌋ for some integer k,
0 otherwise,
t′n :=
{
1 if n = ⌈kθ + ρ⌉ for some integer k,
0 otherwise.
We also put tθ,ρ := (tn)n≥1 and t
′
θ,ρ := (t
′
n)n≥1. The lemma below is well-known result.
Lemma 2.11. Let θ > 1 be an irrational real number and ρ be a real number. Then we
have tθ,ρ = s
′
1/θ,−(ρ+1)/θ and t
′
θ,ρ = s1/θ,−(ρ+1)/θ.
Lemma 2.12 (Mahler [17]). Let ξ, η be p-adic numbers. If ξ and η are algebraically
dependent, then ξ and η are in the same class.
Proof of Theorem 1.3 assuming Theorems 2.9 and 2.10. Set ξ :=
∑∞
n=1 p
⌊nθ+ρ⌋ and
η :=
∑∞
n=1 p
⌊nθ′+ρ′⌋. By the definition, the digits of ξ and η are tθ,ρ and tθ′,ρ′ , respectively.
It follows from Lemma 2.11 that tθ,ρ (resp. tθ′,ρ′) is Strumian with its slope whose con-
tinued fraction expansion has bounded (resp. unbounded) partial quotients. Therefore, ξ
is an S- or T -number and η is a U1-number by Theorem 1.2. Hence, we see that ξ and η
are algebraically independent by Lemma 2.12. 
3. Preliminaries
We recall several facts about the exponents wn and w
∗
n.
Theorem 3.1. Let n ≥ 1 be an integer and ξ be in Qp. Then we have
w∗n(ξ) ≤ wn(ξ) ≤ w∗n(ξ) + n− 1.
Proof. See [18]. 
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Theorem 3.2. Let n ≥ 1 be an integer and ξ ∈ Qp be not algebraic of degree at most n.
Then we have
wn(ξ) ≥ n, w∗n(ξ) ≥
n+ 1
2
.
Furthermore, if n = 2, then w∗2(ξ) ≥ 2.
Proof. See [17, 18]. 
We recall Liouville inequality, that is, a non trivial lower bound of differences of two
algebraic numbers.
Lemma 3.3. Let α, β ∈ Qp be distinct algebraic numbers of degree m,n, respectively.
Then we have
|α− β|p ≥ (m+ 1)
−n(n+ 1)−m
H(α)nH(β)m
.
Proof. See [21, Lemma 2.5]. 
Applying Lemma 3.3, we give an estimate for the value of w1.
Lemma 3.4. Let ξ be in Qp and c0, c1, c2, θ, ρ, δ be positive numbers. Let (βj)j≥1 be a
sequence of positive integers with βj < βj+1 ≤ c0βθj for all j ≥ 1. Assume that there exists
a sequence of distinct terms (αj)j≥1 with αj ∈ Q such that for all j ≥ 1
c1
β1+ρj
≤ |ξ − αj |p ≤
c2
β1+δj
,
H(αj) ≤ c3βj.
Then we have
δ ≤ w1(ξ) ≤ (1 + ρ)θ
δ
− 1.
Remark. There are several versions of Lemma 3.4 as in [4, 5, 6, 8, 10, 11, 13, 16, 20, 22].
Proof. Let α be a rational number with sufficiently large height. We define the integer
j0 ≥ 1 by βj0 ≤ c0(4c2c3H(α))θ/δ < βj0+1. Firstly, we consider the case α = αj0. By the
assumption, we obtain
|ξ − α|p ≥ c1β−1−ρj0 ≥ c−1−ρ0 c1(4c2c3)−(1+ρ)θ/δH(α)−(1+ρ)θ/δ.
Next, we consider the other case. Then, by the assumption, we have
H(α) < (4c2c3)
−1(c−10 βj0+1)
δ/θ ≤ (4c2c3)−1βδj0 .
Therefore, we obtain
|α− αj0|p ≥ (4H(α)H(αj0))−1 > c2β−1−δj0
by Lemma 3.3. Hence, it follows that
|ξ − α|p = |α− αj0|p ≥ (4H(α)H(αj0))−1
≥ 4−1−θ/δc−10 c−θ/δ2 c−1−θ/δ3 H(α)−1−θ/δ.
By Theorem 3.1, we have w1(ξ) = w
∗
1(ξ). Thus, we obtain
δ ≤ w1(ξ) ≤ max
(
(1 + ρ)
θ
δ
− 1, θ
δ
)
= (1 + ρ)
θ
δ
− 1.

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We denote by MQ the set of all prime numbers and ∞. We denote by | · |∞ the usual
absolute value in Q. For x = (x1, . . . , xn) ∈ Qn and v ∈MQ, we define the norm and the
height of x by |x|v = max1≤i≤n |xi|v and H(x) =
∏
v∈MQ
|x|v.
The proof of Theorem 2.9 mainly depends on the following theorem which is so-called
Quantitative Subspace Theorem and consequence of Corollary 3.2 in [15].
Theorem 3.5. Let α ∈ Qp be an algebraic number of degree d and 0 < ε < 1. Define
linear forms
L1∞(X, Y, Z) = X, L2∞(X, Y, Z) = Y, L3∞(X, Y, Z) = Z,
L1p(X, Y, Z) = X, L2p(X, Y, Z) = Y, L3p(X, Y, Z) = αX − αY − Z.
Then all integer solutions x = (x1, x2, x3) of∏
v∈{p,∞}
3∏
i=1
|Liv(x)|v ≤ |x|−ε∞
with
H(x) ≥ max
((√
d+ 1H(α)
)1/12d
, 271/ε
)
lie in the union of at most
216339510ε−9 log(3ε−1d) log(ε−1 log 3d)
proper linear subspaces of Q3.
Consider a vector hyperplane of Qn
H = {(x1, . . . , xn) ∈ Qn | y1x1 + · · ·+ ynxn = 0},
where y = (y1, . . . , yn) ∈ Zn \ {0}, gcd(y1, . . . , yn) = 1. The height of H, denoted by
H(H), is defined to be |y|∞.
The lemma below is easily seen.
Lemma 3.6. Let m,n be integers with 1 ≤ m < n and x1, . . . ,xm ∈ Zn be linearly
independent vectors such that |x1|∞ ≤ . . . ≤ |xm|∞. Then there exists a vector hyperplane
H of Qn such that x1, . . . ,xm ∈ H and
H(H) ≤ m!|xm|m∞.
Lemma 3.7. Let U ∈ P ∗, V ∈ P+, and r, s be lengths of the words U, V , respectively.
Put (an)n≥0 := UV and α :=
∑∞
n=0 anp
n ∈ Qp. Then we have H(α) ≤ pr+s.
Proof. A straightforward computation shows that
α =
r−1∑
n=0
anp
n +
(
s−1∑
m=0
am+rp
m+r
)(
∞∑
k=0
pks
)
=
(ps − 1)∑r−1n=0 anpn −∑s−1m=0 am+rpm+r
ps − 1 .
Therefore, we have
H(α) ≤ max
(
ps − 1, (ps − 1)
r−1∑
n=0
anp
n,
s−1∑
m=0
am+rp
m+r
)
≤ pr+s.

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In order to prove Theorem 2.10, we show the following lemma.
Lemma 3.8. Let a = (an)n≥0 be a non-ultimately periodic sequence over P . Set ξ :=∑∞
n=0 anp
n ∈ Qp. Then we have
w1(ξ) ≥ max(1,Dio(a)− 1).(2)
Proof. Since ξ is irrational, we have w1(ξ) ≥ 1 by Theorem 3.2. Without loss of generality,
we may assume that Dio(a) > 1. Take a real number δ such that 1 < δ < Dio(a). For
n ≥ 1, there exist finite words Un, Vn and a positive rational number wn such that UnV wnn
are the prefix of a, the sequence (|V wnn |)n≥1 is strictly increasing, and |UnV wnn | ≥ δ|UnVn|.
For n ≥ 1, we set rational number
αn :=
∞∑
i=0
b
(n)
i p
i
where (b
(n)
i )i≥0 is the infinite word UnVn. Since ξ and αn have the same first |UnV wnn |-th
digits, we obtain
|ξ − αn| ≤ p−δ|UnVn| ≤ H(αn)−δ
by Lemma 3.7. Hence, we have (2). 
The following lemma is a slight improvement of a part of Lemma 9.1 in [10].
Lemma 3.9. Let a = (an)n≥0 be a sequence on a finite set A. Assume that there exist
integers κ ≥ 2 and n0 ≥ 0 such that for all n ≥ n0,
p(a, n) ≤ κn.
Then, for each n ≥ n0, there exist finite words Un, Vn over A and a positive rational
number wn such that the following hold:
(i): UnV
wn
n is a prefix of a,
(ii): |Un| ≤ 2κ|Vn|,
(iii): n/2 ≤ |Vn| ≤ κn,
(iv): if Un is not an empty word, then the last letter of Un and Vn are different,
(v): |UnV wnn |/|UnVn| ≥ 1 + 1/(4κ+ 2),
(vi): |UnVn| ≤ (κ+ 1)n− 1,
Proof. For n ≥ 1, we denote by A(n) the prefix of a of length n. By Pigeonhole principle,
for each n ≥ n0, there exists a finite word Wn of length n such that the word appears to
A((κ+1)n) at least twice. Therefore, for each n ≥ n0, there exist finite words Bn, Dn, En ∈
A∗ and Cn ∈ A+ such that
A((κ+ 1)n) = BnWnDnEn = BnCnWnEn.
We take these words in such way that if Bn is not empty, then the last letter of Bn is
different from that of Cn.
We first consider the case of |Cn| ≥ |Wn|. Then, there exists Fn ∈ A∗ such that
A((κ+ 1)n) = BnWnFnWnEn.
Put Un := Bn, Vn := WnFn, and wn := |WnFnWn|/|WnFn|. Since UnV wnn = BnWnFnWn,
the word UnV
wn
n is a prefix of a. It is obvious that |Un| ≤ (κ− 1)|Vn| and n ≤ |Vn| ≤ κn.
By the definition, we have (iv) and (vi). Furthermore, we see that
|UnV wnn |
|UnVn| = 1 +
n
|UnVn| ≥ 1 +
1
κ
.
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We next consider the case of |Cn| < |Wn|. Since the two occurrences of Wn do overlap,
there exists a rational number dn > 1 such that Wn = C
dn
n . Put Un := Bn, Vn := C
⌈dn/2⌉
n ,
and wn := (dn + 1)/⌈dn/2⌉. Obviously, we have (i) and (iv). Since ⌈dn/2⌉ ≤ dn and
dn|Cn| ≤ 2⌈dn/2⌉|Cn|, we get n/2 ≤ |Vn| ≤ n. Using (iii) and |Un| ≤ κn − 1, we see (ii)
and (vi). It is immediate that wn ≥ 3/2. Hence, we obtain
|UnV wnn |
|UnVn| = 1 +
⌈(wn − 1)|Vn|⌉
|UnVn| ≥ 1 +
wn − 1
|Un|/|Vn|+ 1
≥ 1 + 1/2
2κ+ 1
= 1 +
1
4κ+ 2
.

4. Proof of Theorems 2.9 and 2.10
Proof of Theorem 2.9. By Theorem 1B in [3], ξ is transcendental, that is, ξ is not an
A-number. Therefore, it is sufficient to prove that if ξ is not a U1-number, then ξ is
not a U -number. For n ≥ n0, we take finite words Un, Vn over P and positive rational
numbers wn satisfying Lemma 3.9 (i)-(vi). We define a positive integer sequence (nk)k≥0
by nk+1 = 4(κ + 1)nk for k ≥ 0. We set rk := |Unk |, sk := |Vnk |, and tk := |UnkVnk | for
k ≥ 0. Then a straightforward computation shows that 2tk ≤ tk+1 ≤ ctk, rk ≤ 2κsk for
k ≥ 0, and (sk)k≥0 is strictly increasing, where c = 8(κ + 1)2. For k ≥ 0, there exists an
integer pk such that
pk
psk − 1 =
∞∑
i=0
b
(k)
i p
i
where (b
(k)
i )i≥0 is the infinite word UnkVnk . Since ξ and pk/(p
sk − 1) have the same first
|UnkV
wnk
nk |-th digits, we obtain ∣∣∣∣ξ − pkpsk − 1
∣∣∣∣
p
≤ p−wtk ,
where w = 1+1/(4κ+2). Since the sequence (sk)k≥1 is strictly increasing, we may assume
that t0 ≥ 3.
Let α ∈ Qp be an algebraic number of degree d ≥ 2 with H(α) ≥ max(d+1, ps0, 274κ+2).
We define an integer j ≥ 1 by psj−1 ≤ H(α) < psj and a real number χ by |ξ − α|p =
H(α)−χ. Without loss of generality, we may assume that χ > 0. Put M := max{m ∈
Z | pwcm−1tj < H(α)χ}. In what follows, we estimate an upper bound of M . Therefore,
we may assume that M ≥ 1. Then we obtain pwtj+h ≤ pwcM−1tj for all 0 ≤ h ≤ M − 1.
Therefore, we have
|psj+hα− α− pj+h|p =
∣∣∣∣α− pj+hpsj+h − 1
∣∣∣∣
p
≤ max
(∣∣∣∣ξ − pj+hpsj+h − 1
∣∣∣∣
p
, |ξ − α|p
)
≤ p−wtj+h
for 0 ≤ h ≤M − 1. We define linear forms by
L1∞(X, Y, Z) = X, L2∞(X, Y, Z) = Y, L3∞(X, Y, Z) = Z,
L1p(X, Y, Z) = X, L2p(X, Y, Z) = Y, L3p(X, Y, Z) = αX − αY − Z,
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and put xh := (p
sj+h, 1, pj+h) for 0 ≤ h ≤ M − 1. By the proof of Lemma 3.7, we obtain∏
v∈{p,∞}
3∏
i=1
|Liv(xh)|v ≤ |xh|−1/(4κ+2)∞
for all 0 ≤ h ≤M − 1. We also have
H(xh) = |xh|∞ ≥ psj+h ≥ H(α) ≥ max
((√
d+ 1H(α)
)1/12d
, 274κ+2
)
for all 0 ≤ h ≤ M − 1. Hence, by Theorem 3.5, for all 0 ≤ h ≤ M − 1, we obtain xh in
the union of N proper linear subspaces of Q3, where N = ⌊225339510(2κ+ 1)9 log(6(2κ+
1)d) log(2(2κ+ 1) log 3d)⌋.
Assume that one of these linear subspaces of Q3 contains L + 1 points of the set
{xh | 0 ≤ h ≤M − 1}, where L = ⌈log2((2κ+1)(4d+6+ logp(22d+1(d+1))))⌉. It follows
that there exist (x, y, z) ∈ Z3 \ {0} such that
xpsj+ik + y + zpj+ik = 0, (0 ≤ k ≤ L),
where 0 ≤ i0 < i1 < . . . < iL < M . Since xi0 and xi1 are linearly independent, we chose
(x, y, z) ∈ Z3 \ {0} such that max(|x|, |y|, |z|) ≤ 2p2tj+i1 by Lemma 3.6. Since (sk)k≥0 is
strictly increasing, we have z 6= 0. A straightforward computation shows that
(1− psj+ik )α = psj+ik x
z
+
y
z
− (psj+ikα− α− pj+ik),
α− y
z
= psj+ikα + psj+ik
x
z
− (psj+ikα− α− pj+ik)
for all 0 ≤ k ≤ L. Therefore, we obtain
|α|p = |(1− psj+ik )α|p ≤ max
(
p−sj+ik
∣∣∣x
z
∣∣∣
p
,
∣∣∣y
z
∣∣∣
p
, p−wtj+ik
)
≤ max(|z|, p−wtj+ik ) ≤ 2p2tj+i1 .
Hence, we have∣∣∣α− y
z
∣∣∣
p
≤ max(2p2tj+i1−sj+iL , |z|p−sj+iL , p−wtj+iL ) = 2p2tj+i1−sj+iL .(3)
It follows from Lemma 3.3 that∣∣∣α− y
z
∣∣∣
p
≥ 2−d(d+ 1)−1H(α)−1H
(y
z
)−d
≥ 2−2d(d+ 1)−1p−2dtj+i1−sj .(4)
By the properties of (sk)k≥0 and (tk)k≥0, we have
sj+iL ≥
tj+iL
2κ+ 1
=
1
2κ+ 1
tj+iL
tj+iL−1
· · · tj+i2
tj+i1
tj+i1 ≥
2Ltj+i1
4κ + 2
.(5)
Applying (3), (4), and (5), we obtain
tj+i1 ≤
(4κ+ 2) logp(2
2d+1(d+ 1))
2L − (4κ+ 2)(2d+ 3) ≤ 2,
which is contradiction.
Hence, we get M ≤ LN . By the definition of M , we have
H(α)χ ≤ pwcM tj ≤ pwcM+1tj−1
≤ pwcM+1(2κ+1)sj−1 ≤ H(α)wcM+1(2κ+1).
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Therefore, we obtain
|ξ − α|p ≥ H(α)−wcLN+1(2κ+1),
which implies
w∗d(ξ) ≤ max(w1(ξ), wcLN+1(2κ+ 1)).
This completes the proof. 
Proof of Theorem 2.10. We first assume that ξ is not a U1-number, that is, w1(ξ) is finite.
Then Dio(a) is finite by Lemma 3.8.
We next assume that Dio(a) is finite. For n ≥ n0, take finite words Un, Vn and a rational
number wn satisfying Lemma 3.9 (i)-(vi). For n ≥ n0, we set rational numbers
αn :=
∞∑
i=0
b
(n)
i p
i
where (b
(n)
i )i≥0 is the infinite word UnVn. Since ξ and αn have the same first |UnV wnn |-th
digits, we obtain
|ξ − αn| ≤ p−(1+
1
4κ+2)|UnVn|.
Take a real number δ which is greater than Dio(a). Note that δ > 1. By the definition of
the Diophantine exponent, there exists an integer n1 ≥ n0 such that for all n ≥ n1
|ξ − αn| ≥ p−δ|UnVn|.
We define a positive integer sequence (nk)k≥1 by nk+1 = 2(κ + 1)nk for k ≥ 1. Set
βk := p
|UnkVnk | for k ≥ 1. It follows from Lemma 3.9 (iii),(vi) that for n ≥ 1
βk < βk+1 ≤ β4(κ+1)
2
k .
By Lemma 3.7, we have H(αnk) ≤ βk for k ≥ 1. Hence, we obtain (1) by Lemma 3.4. 
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